Abstract. We give some characterizations of self-dual codes over rings, specifically 1 11e ring \mathbb{Z}_{2k} , where \mathbb{Z}_{2k} denotes the ring \mathbb{Z}/2k\mathbb{Z} of integers modulo 2k , using the (i',hi11cse Remainder Theorem, investigating Type I and Type II codes The Chinese Re\prime naindt^{\backslash }t.
Introduction
Self-dual codes over finite fields, especially binary and ternary fie lds, arc a well studied subject, including their relationship to lattices anel e1e^{1}sig_{11_{\iota}b^{\tau}} . Recently, codes over rings have increased in importance, gener.a ti_{Il}g w ell interest in these codes, for example see [1] , [2] , [3] , [7] , [8] , [11] , [15] , [16] anel [23] . In this paper, we give some characterizations of self-dual coclcs o ver rings, specifically the ring \mathbb{Z}_{2k} , where \mathbb{Z}_{2k} denotes the ring \mathbb{Z}/2k\mathbb{Z} of integers modulo 2k , using the Chinese Remainder Theorem. Recently, in [1] t11t^{Y} notion of Type II codes over \mathbb{Z}_{2k} has been introduced. Here, we investigate Type II codes over \mathbb{Z}_{2k} using this theorem, giving special attenti()n to t11() ring \mathbb{Z}_{6} .
We begin with some definitions. A code C over a ring R of length n is a subset of R^{n} , if it is an additive subgroup of R^{n} then it is called a linear code. In this paper all codes are assumed to be linear unless othe rwise specified. An element of C is called a codeword of C . A generator matrix of C is a matrix whose rows generate C . We equip R^{n} with the standard inner-product, i.e. [v, w] = \sum v_{i}w_{i} . The orthogonal to a code is defined in the usual way, i.e.
C^{\perp}= { v\in R^{n}|[v, w]=0 for all w\in C } where v= (v_{1}, v_{2}, \ldots, v_{n}) and w=(w_{1}, w_{2}, . , w_{n}) . We say that a code C is self- Williams relations for codes over any finite Frobenius ring are given in [23] . The paper is organized as follows. Section 2 gives some characterizations of self-dual codes over rings, specifically the ring \mathbb{Z}_{2k} . In Section 3, we pay attention to the ring \mathbb{Z}_{6} . Some families of self-dual codes over \mathbb{Z}_{6} (called senary codes) are also introduced. Section 4 deals with unimodular lattices corresponding to senary codes. In Sections 5 and 6, we investigate self-dual codes constructed from projective planes and weighing matrices. In the final section, we introduce new weight enumerators and establish their Williams relations.
The Chinese Remainder Theorem and Self-Dual Codes
Let R be a commutative ring (not necessarily finite) with a multiplicative identity denoted by 1 We have the following restriction on the length of certain self-dual codes over \mathbb{Z}_{k} . Corollary 2.2 Let s=p_{1}^{e_{1}}\cdot\cdot p_{j}^{e_{j}} where p_{i} is prime for all i=1 , \ldots , j .
Suppose that there is at least one i such that e_{i}=1 . Then, if a self-dual code C of length n over \mathbb{Z}_{s} exists, n is even. In addition, if p_{i}\equiv 3 (mod 4), then, if a self-dual code C of length n over \mathbb{Z}_{s} exists, n is a multiple of four. Proof. If there is a self-dual code of length n over the finite field F_{p} where p is prime then n is even. Since C is the Chinese product of a self-dual codes over \mathbb{Z}_{p_{1}^{e_{1}}} , \ldots , \mathbb{Z}_{p_{j^{j}}^{e}} where at least one \mathbb{Z}_{pi} is the finite field, the length n of C must be even. Moreover it is known that if there is a self-dual code of length n over F_{p} where p\equiv 3 (mod 4) then n is a multiple of four (cf. [20] and [21] ) . \square 2.1. Type II Codes over \mathbb{Z}_{2k} We begin by giving some characterizations of Type II codes over \mathbb{Z}_{2k} by the Chinese product.
Recently, codes over \mathbb{Z}_{4} have grown in importance. Interesting connections with binary codes and unimodular lattices have been found. Further connections have been found with codes over \mathbb{Z}_{2k} (cf. [1] ). The connection between codes over \mathbb{Z}_{4} and unimodular lattices prompted the definition of the Euclidean weight of a vector of \mathbb{Z}_{4}^{n} (cf. [2] and [3] ). We defined the Euclidean weights of the elements 0, \pm 1, \pm 2, \pm 3 , \ldots, \pm(k-1) , k of \mathbb{Z}_{2k} as 0, 1, 4, 9, . . ., (k-1)^{2} ,
k^{2}
, respectively (cf. [1] ). The Euclidean weight of a vector is just the rational sum of the Euclidean weights of its components. The Hamming weight of a vector is the number of non-zero components in the vector. We defined a Type II code over \mathbb{Z}_{2k} as a self-dual code with all codewords having Euclidean weight a multiple of 4k , see [1] for a complete discussion of these codes. If a self-dual code is not Type II, then it is said to be Type I. The notion of extremality for the Euclidean weight was also given in [1] . where p_{i} is prime. Then C is the Chinese product of a self-dual code over \mathbb{Z}_{2^{m}} and codes over rings \mathbb{Z}_{p_{1}^{e_{1}}} , \ldots , \mathbb{Z}_{p_{i}^{e_{i}}} . It is known in [8] that if there is a Type II code of length n over \mathbb{Z}_{2^{m}} then n must be a multiple of eight.
\square Recently the notion of shadow codes over \mathbb{Z}_{4} has been introduced by the authors [10] . Here we consider shadow codes over \mathbb{Z}_{2k} . Similarly to \mathbb{Z}_{4} , we pay attention to a certain subcode of index 2. The even weight subcode C_{0} of a Type I code C over \mathbb{Z}_{2k} is the set of codewords of C of Euclidean weights divisible by 4k . Lemma 
The subcode
C_{0} is \mathbb{Z}_{2k} -linear of index 2 in C . Proof. The first assertion follows by the self-duality of C using the relation w_{E}(x+y)=w_{E}(x)+w_{E}(y)+2(x, y) , Proof. By (J1) the rows of G are pairwise orthogonal. They are isotropic by the choice of g , since the inner-product of every row with itself is q+1 . Now in case q satisfies the congruence mod 12, the Euclidean weight of each row of G is divisible by 12 by the choice of q . This carries over to the row span by [1] . \square P(7l) is the Chinese product of the ternary Pless symmetry code with generator matrix G and the binary self-dual codes with generator matrix (I., J-I ). Thus we say that the above codes P(n) are the lifted symmetry codes. Of special interest are q=5 yielding a Type I code above the Golay code, q=17 yielding a Type I code of length 36, q=11,23 yielding Type II codes of lengths 24 and 48.
We have obtained by computer that the symmetrized weight enumerators of the lifted symmetry codes P (12) and P(24) of lengths 12 and 24: In particular q=19 yields after the real construction A_{6} an extremal lattice in dimension 40 [6] . For the first case q=7 , we have found itcb^{\urcorner} symmetrized weight enumerator: 
Properties of Senary Self-Dual Codes
Any code over \mathbb{Z}_{6} is permutation-equivalent to a code generated by the following matrix:
where A_{i,j} are binary matrices for i>1 . Such a code is said to have rank \{1^{k_{1}} , 2^{k_{2}},3^{k_{3}}\}
, see [1] . 
where A_{i,j} are binary matrices for i>1 . Notice 3\equiv 1 (mod 2) hence this code generates a binary code of dimension k_{1}+k_{3}= \frac{n}{2} . And the ternary code C_{3} is permutation-equivalent to a code with generator matrix of the form:
where A_{i,j} are binary matrices for i>1 . Notice 2 is a unit in \mathbb{Z}_{3} hence this code generates a ternary code of dimension k_{1}+k_{2}= \frac{n}{2} .
We now consider self-dual codes of length n over \mathbb{Z}_{6} constructed from a be the sets of all inequivalent self-dual codes of length n over \mathbb{Z}_{2} and \mathbb{Z}_{3} , respectively. Let N_{6}(n) be the number of inequivalent self-dual codes of length n over \mathbb{Z}_{6} . Then N_{6}(n) is bounded by N_{6}(n) \leq\min\{|C_{3}|(\sum_{C_{2}\in C_{2}}\frac{n!}{|Aut(C_{2})|}) , |C_{2}|( \sum_{C_{3}\in C_{3}}\frac{n!}{|\overline{Aut(C_{3})}|})\} .
We give a classification of self-dual codes over \mathbb{Z}_{6} of length 4. By When rank is \{1^{1},2^{1},3^{1}\} , it is easy to see that a generator matrix of a self-dual code can be transformed into a matrix of the form: . We found all self-dual codes by finding all possible (a, b, c) . Then any code of rank \{1^{1},2^{1},3^{1}\} is equivalent to a code with generator matrix of the form: Therefore there are exactly two inequivalent self-dual codes of length 4. Since N_{6}(4)\leq 3 , the above bound (5) is always not tight in general.
All binary self-dual codes of length up to 30 and all ternary self-dual codes of length up to 20 have been classified (cf. [4] and [22] ). It would be interesting to determine equivalence classes of senary self-dual codes of length up to 20 from these codes. The kissing number is the first non-trivial coefficient of the theta series.
Corresponding Lattices

Construction A_{6}
Every senary code C can be attached a lattice by the formula
Using that construction the Leech lattice was constructed anew in [1] . 
Even Unimodular Lattices
In Section 3, we gave a family of Type II codes \oplus_{n} CRT(5, T) of length 8n . Since there is a unique 8-dimensional even unimodular lattice, up to equivalence, namely E_{8} , A_{6}(CRT(B, T)) must be E_{8} . In addition, it is easy to see that A_{6} ( \oplus_{n} CRT(5, T)) is E_{8}+ , . +E_{8} .
The minimum norm of the lattice A_{6}(P (12)) is 1, the kissing number is 24 and the lattice is a unimodular lattice. Thus A_{6}(P (12) [6] .
The lattice A_{6}(P(24)) is a 24-dimensional even unimodular lattice. Moreover, from swe_{P(24)} of P(24) in Section 3, the theta series \theta_{A_{6}(P(24))} of the lattice A_{6}(P (24) Thus the minimum Euclidean weights of both C_{12} and C_{16} are 12. A_{6}(C_{12}) and A_{6}(C_{16}) are the odd unimodular lattices with the minimum norm 2.
A 3 -modular Lattice
Recently Gabriele Nebe [18] has found an extremal 3-modular lattice in dimension 24 from a code N over \mathbb{Z}_{6} . N has the following generator matrix: Let C_{pi} be the self-code over F_{pi} of length n^{2}+n+2 or n^{2}+n+4 depending on the case formed as given in [9] . Remark. For n=2 , this method was given in [12] .
Since the matrix S_{q} in the generator matrix of the lifted senary symmetry codes is a weighing matrix of order q+1 and weight q , this method is a generalization of Theorem 3.1.
Example 2. All weighing matrices have been classified for order 12 (cf. [19] in [19] . Since the matrix A_{1} has the intersection pattern p_{6}\geq 1 (for the definition see [19] Remark. For n=1 , the above corollary was shown in [13] .
As a corollary to . . |G_{s}| \sum_{\pi_{1}\in\overline{G_{1}}} . .
. .
, . . '^{a_{s})} = \frac{1}{|G_{1}||G_{2}|}
. |G_{s}| \sum_{\pi_{1}\in\overline{G_{1}}}\sum_{a_{1}\in G_{1}}\pi_{1}(-x_{1}+a_{1}) . . Note that this is a generalization of the definition given in [23] . Let [a] , [b] For the symmetrized weight enumerator as given in [23] , the matrix giving the MacWilliams relations, indexed by 0, 1, 2, 3, is given by: \frac{1}{\sqrt{6}} (\begin{array}{llll}1 2 2 11 \omega+\omega^{5} \omega^{2}+\omega^{4} -11 \omega^{2}+\omega^{4} \omega^{4}+\omega^{2} 11 -2 2 -1\end{array}).
, which is identical to the matrix M as given above if U_{1}=\{1\} The symmetrized weight enumerator of a self-dual code over \mathbb{Z}_{6} is held invariant by this matrix as well as the matrix:
(\begin{array}{llll}1 0 0 00 \omega 0 00 0 \omega^{4} 00 0 0 \omega^{3}\end{array})
The group of matrices holding the weight enumerator of a Type I code over \mathbb{Z}_{6} is generated by these matrices. A Magma computation gives that the group has order 384 and the Molien series is given by \frac{t^{40}+2t^{36}+2t^{32}+4t^{28}+3t^{24}+3t^{20}+4t^{16}+3t^{12}+t^{8}+1}{(1+t^{4})^{2}(t^{8}-t^{4}+1)(t^{2}-t+1)^{2}(t^{2}+t+1)^{2}(t^{4}-t^{2}+1)^{2}(t-1)^{4}(t+1)^{4}(t^{2}+1)^{4}}
, where the denominator is also (1-t^{4})(1-t^{8})(1-t^{12}) (1-t^{24}) .
The Taylor series is 1+t^{4}+3t^{8}+7t^{12}+13t^{16}+21t^{20}+35t^{24}+ Hence by inspection of the denominator there are 4 primary invariants and by inspection of the numerator 24 nontrivial secondary invariants.
